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Abstract. In this paper we investigate the existence of H 1 -uniform attractor and long-time behav- 
ior of solutions to non-autonomous micropolar fluid equations in three dimensional cylindrical 
domains. In our considerations we take into account that existence of global and strong solutions 
is proved under the assumption on smallness of change of the initial and the external data along 
the axis of the cylinder. Therefore, we refine the concept of uniform attractor by adopting the idea 
which was proposed by J.W. Cholewa and T. Dlotko in ICU98I . 



o. 

CN . 1. Introduction 



The study of attractor s is an important part of examining dynamical systems. It was thor- 
oughly investigated in many works (see e.g. IHal88l . HLad91H . Il'lem97ll . ICUOOI . IICVU2II . I5YD2I ). 
These classical results cover many both autonomous and non-autonomous equations of math- 
ematical physics. Roughly speaking, the general abstract theory justifying attractors' existence 
may be applied when the equations describing autonomous systems posses unique, strong and 
global solutions. For non-autonomous systems some additional uniformity for external data is 
required. Further obstacles arise when unbounded domains are examined (see e.g. [ LS0 4a] and 
BZZL08] and references therein). 

In three dimensions the situation for nonlinear evolution problems is even more complex. 
In case of micropolar equations we lack information about the regularity of weak solutions at 
large. Thus, results concerning the existence of uniform attractors are merely conditional (see 
e.g. ICV02I ). In this article we present some remedy which is based on IICD98H . It takes into 
OH '. account that global and strong solutions exist if some smallness of L2-norms on the rate of 

change of the external and the initial data is assumed (see INowl2al ). This leads to a restriction 
^ . of the uniform attractor to a proper phase space. 

Introduced by A. Eringen in l|Eri66l| . the micropolar fluid equations form a useful generaliza- 
tion of the classical Navier-Stokes model in the sense that they take into account the structure of 
CN . the media they describe. With many potential applications (see e.g. |Pop69| , BPRU74I| , BATS73I| , 

ILuk99l| ) they became an interesting and demanding area of interest for mathematicians and 
engineers (see e.g. IEHSSI . IFR7SI . K3E77I . IIOTRM97II . ILuk99l . ILukOll et al.) 
^ i In this article we study the following initial-boundary value problem 

v :t + v ■ Vu — (v + u r )Av + Vp = 2v r rot u + / in 0°° := Q x (0, oo), 



dwv = in ft 00 , 

u) t + v ■ Vw — qAw — /3V div u + Av r uj 

„ in^°°, 
= iv r rot v + g 

vn = onS°° := S x (0,oo), 

rot v x n = on S°°, 

uj = onSf, 

u' = 0, u 3 , X3 = onS%°, 

v\ t =o = v(0), Lo\ t=0 = uj(0) inU. 
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By C I 3 we mean a cylindrical type domain, i.e. 

$7 = {(xi,x 2 ) eR 2 : tp (xi,x 2 ) < c } x {x 3 : - a < x 3 < a} , 

where a > and cq are real constants, ip is a closed curve of class C 2 . The functions v : M 3 — >• R 3 , 
cj : R 3 — )■ IR 3 and p : M 3 — )• M denote the velocity field, the micropolar field and the pressure. 
The external data (forces and momenta) are represented by / and g respectively. The viscosity 
coefficients v and v r are real and positive. 

The choice of the boundary conditions for v and uj was thoroughly described in INowl2b| . 
Note that usually the zero Dirichlet condition is assumed for both the velocity and micropo- 
lar field. From physical point of view this is not suitable for some classes of fluids (see e.g. 
I|BS700 . In fact, the explanation of particles behavior at the boundary is far more complex and 
was extensively discussed in IICD64II . HAK68II . |Mig84| and lEriHII . 



The article is organized as follows: in the next Section we present an overview of the current 
state of the art. Subsequently we introduce notation and give some preliminary results. In 
Section H] the main results are formulated. Section |5] is entirely devoted to the basics of semi- 
processes. In Sections |6KZl and [8] we prove the existence of the restricted uniform attractor and 
analyze the behavior of the micropolar fluid flow for the large viscosity v. We demonstrate that 
for time independent data the global and unique solution (v(t) ,oj(t)) converges to the solutions 
of the stationary problem and if u r « then the trajectories (v(t),u)(t)) of micropolar flow and 
u(t) of the Navier-Stokes flow differ indistinctively. 

2. State-of-the-art 

The study of the uniform attractors has mainly been focused on the the case of unbounded 
domains (see IILS04b| and l|DC 061 and the references therein) which is barely covered by general 
abstract theory introduced in [CV02J. Note that both these studies cover only two dimensional 
case. In three dimensions no results have been obtained so far due to lack of regularity of weak 
solutions. Another obstacle arises from relaxing the assumption of certain uniformity of the 
external data. To avoid these difficulties, the concepts of trajectory and pull-back attractors 
have been suggested and applied (see ICDC07I . IChe09l . IETO9I . 1IKV10I and IITarlOlh . 

3. Notation and preliminary results 

In this paper we use the following function spaces: 

• W™{p), where m G N, p > 1, is the closure of C°°(f2) in the norm 



l«llw»»(n) = ( W Bau \\l p (n) 

\a\<m 



H k (9), where k e N, is simply W^Q), 



Wp^ffi), where p > 1, is the closure of C°°(J7 x (t , ti)) in the norm 



t 1 



p 



IMIw/p 2 - 1 ^*) = yj J \u,xx(x,s)\ p + \u iX (x,s)\ p + \u(x,s)\ p + \u tt (x,s)\ p dxds 

• V is the set of all smooth solenoidal functions whose normal component vanishes on the 
boundary 

V = {u G C°°(n): divn = 0inO, u ■ n\g = 0} , 

• H is the closure of V in L 2 (fl), 

• H = H x L 2 (n) / 

• V is the closure of V in H 1 (O), 

• V = V x H 1 ^), 

• V 2 h (£l t ), where k G N, is the closure of C°°(Q x (t ,ti)) in the norm 

W u \\v 9 k m = esssn P\\ u \\H*(n) + ( I \\^ u \? H k m d t) ■ 
2 te(to,*i) \Jto J 
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To shorten the energy estimates we use: 

E v ,w{t) ■■= ||/||i 2 (t ,t;i 6 (Q)) + ||s , llL 2 (to,t;i6(n)) + IK*o)IU 2 (n) + ||w(*o)IU 2 (n), 

(3.1) z 5 

Eh,e{t) := \\f, X3 \\L 2 (t ,t;L 6 (n)) + lls.zs \\L 2 (t ,t;L 6 (Q)) + ||^(*o) |U 2 (n) + ll^(*o) ||i 2 (Q) ■ 
The following function is of particular interest 

(3.2) 5(t) := \\f, X3 \\l 2iQt) + H^slli^nt) + ||rot^o)||| 2 ( Q ) + ||M*o)||! 2 (q) + ||0(*o)||! 2 (n)- 

It expresses the smallness assumption which has to be made in order to prove the existence of 
regular solutions (see INowl2bL It contains no L2-norms of the initial or the external data but 
only L2-norms of their derivatives alongside the axis of the cylinder. In other words the data 
need not to be small but small must be their rate of change. 

With the above notation the following Theorem was proved in BNowl2a| . It is fundamental 
for further considerations. 

Theorem 1. Let < T < oo be sufficiently large and fixed. Suppose that v(0),u(0) G H 1 ^) and 
rot h(0) G £2(^2). In addition, let the external data satisfy fs\s 2 = 0, g'\s 2 = 0, 

\\f(t)\\ L2 (n) < Wf(kT)\\ L2{n) e-^ kT \ \\f, X3 (t)\\L 2 (n) < \\Us(kT)h 2 (n)e- {t - kT \ 
\\9(t)h 2 (n) < \\g(kT)\\ L2(n) e-^- kT \ \\g, X3 (t)\\L 2 (a) < \\g, X3 (kT)\\ L2{n) e-^- kT ^ 



and 



sup {f(kT), f X3 (kT), g(kT), g jX3 (kT)} < 00. 

k 



Then, for sufficiently small 5(T) there exists a unique and regular solution to problem \\.\) on the interval 
(0, 00). Moreover, 

IMIw 2 2,1 (fi°°) + IMIwI'^noo) + 11^11^2(0°°) - SU P (ll/llL 2 (^ fcT ) + \\f,^\\L 2 (n kT ) 

. 3 

+ \\9h 2 (n^) + lb,x 3 |lL2(n feT ) + \\ v (.Q)\\m(n) + \\u(0)\\&(n) + 1 



4. Main results 

The main result of this paper reads: 

Theorem 2. Let the assumption from Theorem^be satisfied. Suppose that 

\\u{{k + 1)T + t) - u(kT + t)\\ L2{u) < e, 

for any t G [0, T] and k G N, where u is any element of the set {/, g, f yX3 , g^ X3 }. Then, the family of semi- 
processes {Ucr(t, t) : t > t > 0}, a G S^. Q corresponding to problem il.l) has an uniform attractor At,% q 
which coincides with the uniform attractor A w ^ \ of the family of semiprocesses {U a {t, r) : t > r > 0}, 
aeu(^ ao ),i.e. 



A^ = A 



For explanatory notation we refer to Section |5] 

The second result deals with problem when the external data are time independent and 
the viscosity v is large enough. It is expected that in such a case the solutions tend to stationary 
solutions. 
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Theorem 3 (convergence to stationary solutions). Suppose that the external data f and g do not 
depend on time. Then, there exists a positive constant such that for all v > the stationary problem 

Voo ■ V^oo — (v + V r )/\Voo + Vpoo = 1v r rot Woo + / ^, 

div Voo = in Q, 
■ Vwoo - aAwoo - /3V div ujoo + 4i/ r u; 00 

in Cl, 

= lv r rot Voo + 9 

Voo ■ n = on S, 

rot Voo x ti = on S, 

Woo = on Si, 

u'oc = 0) Woo3,x 3 =0 on S 2 

has a unique solution (voo, w^for which 

(4-1) \\ v co\\H2(n) + \\Poo\\m(Q) + \\uoo\\h3(o) < ^(Il/lli2(n)) llsll-M^)) 

holds, where F: [0, oo) x [0, oo] — » [0, oo), F(0,0) = is a continuous and increasing function. 
Moreover, under assumptions of Theorem\2\there exists a unique solution (v(t),ui(t)) to problem 
converging to the the stationary solution (voo, ^oo) as t og and satysfying 

IK*) - Uoo||i a (n) + IK*) - w oo|ll 2 (n) < (|K0) - «oo||ia(n) + IK ) - w oo|ll 2 (f7)) e~ A{u)t , 

where 

A(v) = ci(u) - — -F 4 (||/oo|U 2 (n), IkoolkaCn)) 

and 

min{^, a} 

ciH = 



C2 



c/o 



min{l, a} 



The last result of this articles establishes certain relation between the trajectories of the stan- 
dard Navier-Stokes equations and micropolar equations. 

Theorem 4. Let the pair (u, 0) be a solution to the following initial-boundary value problem 



(4.2) 



u t t — uAu + (u ■ V)u + Vq = 


= f 


in n\ 


divu = 




in Q 1 , 


e, t - aA9 - /3V div 9 + (u 


• v)e = <? 


in Q\ 


rot u x n = 




on S\ 


u • n = 




on S*, 


G = 




on Si 


e' = o, q 3 , X3 = o 




on Si 


u \t=t = u(t ), @\t=to = 


e(t ) 


in (!x{t 



Suppose that u > is sufficiently large. Finally, let the assumptions of Theorem^hold. Then, for any 
(u(to), 0(*o)) € ^(«(*o),w(*o))(-^) d- e - ball centered at (v (to), to (to)) with radius R), where R > 0, there 
exists t* = t*(R) such that for all t > t* the trajectory (v(t),ui(t)) lies in the e-neighborhood of the 
trajectory (u(t),Q(t)). 

5. Basics of semiprocesses 

We begin with recalling a few facts from IICDUUl Ch. 1] and IICVU21 Ch. 2]. 

Let {T(t)} be a semigroup acting on a complete metric or Banach space X. Denote by B(X) 
the set of all bounded sets in X with respect to metric in X. We say that P C X is an attracting 
set for {T(t)} if for any B € B(X) 

distx (T(t)B,P) ► 0. 

t— ¥00 
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Now we may define an attractor: 

Definition 5.1. A set A is called global attractor for the semigroup {T(t)}, if it satisfies: 

• A is compact in X, 

• A is an attracting set for {T(t)}, 

• A is strictly invariant with respect to {T(t)}, i.e. T{t)A = A for all t > 0. 
Definition 5.2. For any B G B(X) the set 

co(B) = p| |J T(t)B X 

T>0t>T 

is called an uj-limit set for B. 

The existence of the global attractor in ensured by the following Proposition: 

Proposition 5.3. Suppose that {T(t)} is a continuous semigroup in a complete metric space X having 
a compact attracting set K <e X. Then the semigroup {T(t)} has a global attractor A (A <s= K). The 
attractor coincides with uj(K), i.e. A = ui(K). 

Proof. We refer the reader to IICV021 Ch. 2, §3, Theorem 3.1]. □ 

To give the proof of Theorem |2] in the next Section we introduce the notions and concept of 
semi-processes. For this purpose we make use of IICV021 Ch. 7]. 
Let us rewrite equation in the abstract form 

(5.1) (v,t,u,t) =A(v,u,t) = Arftfau), t£R + , 

where the right-hand side depends directly on the time-dependent forces and momenta, which 
is indicated by the presence of function a(t) = (f(t),g(t)). The function a(t) is referred as the 
time symbol (or the symbol). 

By ^ we denote a Banach space, which contains the values of a(t) for almost all t G K + . In 
our case ^ = Le(£l)nL2(£l) x Le (Q) nL2(fl) (although we could write L2(P) xL2(£l) only since 

5 5 

Q is bounded but we want to point out that in certain cases a weaker assumption on forces can 
be imposed). Moreover we assume that <r{t), as a function of i, belongs to a topological space 
Z+ := {£(t),t G R+ : £(i) G ^ for a.e. t G R + }. It is tempting to write ~+ = L 2 j oc (0, oo; but 
we must take into account certain restrictions, which were imposed on the data (see Theorem 
12]). Thus, we describe H + in greater detail below. 

Consider then the family of equations of the form of (|5.1[) , where a(t) G S C S + . The space E 
is called symbol space and is assumed to contain, along with cr(t), all translations, i.e. a(t + s) = 
T(s)a(t) G S for all s > 0, where T(s) is a translation operator acting on E_|_. Furthermore, we 
fix ao(t), t > 0. Consider the closure in H + of the set 

{T(s)a (t) : s > 0} = {a (t + s) : s > 0} . 

We call this closure the hull of the symbol ao(t) and denote by T-L + (ao), 

^+((Jo) = {r( S )(Jo:s>0} H+ . 

Definition 5.4. The symbol ao(t) G H + is called translation compact in E + if the hull 7i + (ao) is 
compact in S + . 

In view of the above definition we would like to set E = H+(ao). However for this purpose 
we need to determine how to choose E to ensure its compactness in E+. This is crucial for the 
proof of the existence of the uniform attractor because we use: 

Proposition 5.5. Let ao(s) be a translation compact function in E + . Let the family of semi-processes 
{U(t,r): t > t > 0}, a G 7i+(ao) be uniformly asymptotically compact and (E x % + (gq),E}- 
continuous. Let uj(T-L + (ao)) be the attractor of the translation semi-group {T(t)} acting on W + (ao). 
Consider the corresponding family of semi-processes {U a (t,r): t > r > 0}, a G W + (ao). Then, the 
uniform attractor A% + ( ao ) of the family of semi-processes {U a (t,T) : t>r> 0},a G H+(o-q) exists and 
coincides with the uniform attractor Aj(-h+(<to)) of the family of semi-processes {U a (t, r) : t > r > 0}, 
a G u>(H + (a )), i.e. 



6 BERNARD NOWAKOWSKI 

Proof. For the proof we refer the reader to BCV021 Ch. 7, §3]. □ 

The compactness of £ will be established in the framework of almost periodic functions and 
Stepanow spaces. We need a few more definitions (see BGKL66B and IICV021 Ch. 7, §5]): 

Definition 5.6. We call the expression 

d sf {f(s),g(s)) = sup (j f^Wfis) - g{s)\\l As 

the Sf -distance of the order p > 1 corresponding to the length /. The space of all p-power locally 
integrable functions with values in * and equipped with the norm generated bydgp we call the 
Stepanow space and denote by Lp (R + ; ^). 

In view of the above definition we set 

Also note, that in the above definition we can put 1 = 1. Thus, we will write S p instead of Sf or 
Sf. In addition, all Sf-spaces are complete. 

Definition 5.7. A function / G Lp \E') we call S p -asymptotically almost periodic if for any e > 
there exists a number / = /(e) such that for each interval (a, a + I), a > there exists a point 
t G (a, a + I) such that 

dsp {f(s + r), /(*)) = sup ( [ t+1 \\f(s + r) - f(s)\\% dt) " < e. 

Definition 5.8. We say that a function / <E (M + ; ^) is S p -normal if the family of translations 

{f h (s) = f(h + s):heR + } 
is precompact in Lp (M + ; ^) with respect to the norm 

rt+l \ \ 

sup/ ||/( S )||^d S 
t>0 Jt / 

induced by dsp. 

From our point of view the following Proposition will play a crucial role: 
Proposition 5.9. A function f is S p -normal if and only if ' f is S p -asymptotically almost periodic. 
Now we define 



n+(a ) = {o#(a) = a (s + h):h> 0} . 

Note, that the set W + (ao) does not contain any information on the smallness assumption on the 
external data. Therefore, for any given <to we additionally introduce 

a 0,x 3 = {fo,x 3 ,90,x 3 ), 

where 

I \fo,x 3 ll| 2 (a*) + ll^o^s llx 2 (n*) < 6 

and define 



T>0 

Then we set 

E e ao =H+(a )ncj(a e 0jX3 ). 
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Remark 5.10. In view of the above Proposition, the hull H+((To) is compact if we take do S 2 - 
asymptotically almost periodic. But recall that we obtained the global existence of regular so- 
lutions under the assumption on the external data that they decay exponentially on every time 
interval of the form [kT, (k + 1)T] (see Theorem[TJ). Thus, if we assume that 

\\f{(k + l)T + t)-f(kT + t)U<e 

(and so for g and their derivatives with respect to X3) then the external data become S^-asympto- 
tically almost periodic. In other words, we take almost the same external data on every time 
interval of the form [kT, (k+ 1)T] . On the contrary, in the proof of the global existence of regular 
solutions, the external data could differ from interval to interval without any restrictions. 

We can finally introduce the following Definition: 

Definition 5.11. Let E be a Banach space (or complete metric or a closed subset of E). Let a two 
parameter family of operators 

{U a {t,r): t > t > 0}, U a (t, t): E E 

be given. We call it semi-process in E with the time symbol a G £ if 

(U)i: U a (t, r) = U a (t, s)U a (s, r) for all t > s > r > 0, 
(U) 2 : U a (r, r) = Id for all r > 0. 

Observe that if we had a global and unique solution to problem (LTJ) , we could associate it 
with certain semi-process {U a (t, r) : t > r > 0} defined on H. In three dimensions, likewise for 
the standard Navier-Stokes equations, we only know that such a semi-process would exist on 
[0, i max ]/ where t 

max = t max (v ,uJo, f,g). 

Following the idea from 1ICD981 §2.3] we can define a semi-process on certain subspace of H. 
Let B e e H be such that 

= {( V (0),w(0)) G HHV: \\v(0), X3 + \\rotv(0), X3 \\l 2{n) + \\u;(0), X3 < e} . 

Define 

^ (£ £ ):=n U \JUa (s,r)B" 

t>ro-esj s>t 

and introduce the sets 

H e = ffnw r , s « (B e ), 

Definition 5.12. The family of semiprocesses {U a (t, r)} t>r>0 , a G is said to be (H e x 
S^. , -continuous if for any fixed (,t£ K+, t > t the mapping ((?;, w), a) i-> ^(t, r)(u, is 
continuous from i7 e x to H e . 

Let us justify the (H e x S^. , if e ) -continuity of U a (v, w) t > T > . We have 

Lemma 5.13. The family {U a (t, r)} t>T>0 , a G X^ of semiprocesses is (H e x S^. , H e )-continuous. 

Proof. Leteri = (f 1 ^ 1 ) ando-2 = {f 2 ,g 2 ) be two different symbols. Consider two corresponding 
solutions (v 1 ,^ 1 ) and (f 2 ,w 2 ) to problem il.l} with the initial conditions (vI,ujI) and (u 2 ,(j 2 ), 
respectively. Denote V = v 1 — v 2 , Q = u 1 — uj 2 , P = p 1 — p 2 , F = f 1 — f 2 and G = g 1 — g 2 . Then 
the pair (V, 6), 

(V,Q) = U ai {t,r){vW T ) - U a2 (t,r)(v 2 ,a 2 ), 
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is a solution to a following problem 

V t -(v + f r ) AV + VP = —V • W - v 2 ■ W + 2u r rot 6 + F in 0*, 
divV = inO*, 

e, t - «Ae - /?v div e + Au r e 

= -v 1 ■ V6 - V ■ Vuj 2 + 2u r rotV + G 
rotFxn = 0, V ■ n = on5 f , 
G = onS^, 

e' = o, e 3 , X3 = o on si 

V\ t=T = V T , e\ t=T = 9 T onflx{f = r}. 

With F, G and the initial conditions set to zero, we studied the above problem in BNowl2bt see 
Lemma 11.1]. Thus, by analogous calculations we obtain the inequality 

, Cl£L f N i ||2 || T/ ||2 , ||Y7, ,2 1 1 2 ||c,||2 i II Z?||2 , ||/nr||2 

s "IT 1 11 IIlsWH^ llL a (n) + H vw l!L3(fi)ll u llL 2 (tt) + 11^ lbe(n) + IMIie^) 
Application of the Gronwall inequality shows 

ll^(*)llL (f 2) + l|0(*)lll 2 (fi) < <V.nexp (||W||! 2(Tit;i3(n)) + ||Vu; 2 ||| 2(rAL3(n)) ) 

' ( ll^( T )lli 2 (0) + ll©( T )ll| 2 (n) + ll^ll| 2 (r,t;L 6 («)) + ll^lli 2 (r,t;L6(n)) 
V 5 5 

Since iT 2 (ft) W^O) Wg 1 ^) we see that 

ll Vvl |li 2 (r,t;L 3 (^)) ^ ^II^II^COxM)' 

ll Vw2 |l! 2 (r,t;L 3 (n)) < c nll w2 llw*' 1 (nx(T,t))' 

By Theorem[T]we get 

Iin*)ii! 2( n) + ii0(*)ii L 2 (fi) 

< Cdata ^Il^( r )ll| 2 (f7) + ll®( r )lll 2 (n) + \\ F \\ 2 L 2 {T,t;L${Q,)) + ll^lll 2 (r,t;L6 (p.)) \ ' 

which ends the proof. □ 



6. Existence of the uniform attractor 

In this section we prove the existence of the uniform attractor to problem (|1.1[) restricted to 
H £ . By B{H) we denote the family of all bounded sets of H. We begin by introducing some 
fundamental definitions: 

Definition 6.1. A family of processes {U a (t, T)} t > T >o, u £ Sis said to be uniformly bounded if 
for any B € B{H) the set 

U U \JU a (t,T)BeB(H). 

Definition 6.2. A set Bq g if 6 is said to be uniformly absorbing for the family of processes 
{U a (t,T)}t> T >o, cr £ S, if for any r € M + and for every B G there exists to = to( T ,B) 

such that U CT e£ U a {t,r)B C for all t > to- If the set Z?o is compact, we call the family of 
processes uniformly compact. 
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Definition 6.3. A set P belonging to H is said to be uniformly attracting for the family of processes 
{U a (t, T)} t > T >o, cx G E, if for an arbitrary fixed r £ R + 

lim ( supdists (UM,t)B,P) ) = 0. 

If the set P is compact, we call the family of processes uniformly asymptotically compact. 

Definition 6.4. A closed set Ay, C H is said to be the uniform attractor of the family of processes 
{U a (t, T)} t > T >o, cr G E, if it is uniformly attracting set and it is contained in any closed uniformly 
attracting set A' of the family processes {U a (t, r)}i> r >o, o G E, -4s ^4'. 

To prove the existence of the uniform attractor we need two technical lemmas: 

Lemma 6.5. Let the assumptions of Theorem\l}hold. Then, there exists a bounded and absorbing set in 
H e for the family of semi-processes {U a (t, r)}i> r > 0/ cr G E* . 

Proof. Under the assumption of Theorem Q] and in view assertion (B) of IINowl2al Lemma 5.1] 
we see that for t = (k + 1)T, t = kT and sufficiently large T > 

H(k + 1)T) ||| 2(n) + H(fc + 1)T) ||| 2(n) < \\v(kT)\\l 2{n) + MkT)\\l 2{n) 

holds. By the same Lemma 

(6.1) limsup (||t;(t)||i a( n) + ll^(*)llL(n)) 

< c,, a ,n (sup (||/(fcT)||! 2(n) + ||<?(^)||| 2(n) ) + lk(0)|l! 2(Q) + ||w(0)||i a(n) ) =: 

Thus, for every (uq, wo) & H e there exists to > such that 

(v(t),uj(t)) ES(0,pi) V t > t0 , 

where 5(0, pi) is the ball in 5 e centered at with radius pi > If 5(0, r) C 5f e is any ball 
such that (vq, ojq) G 5(0, r) then there exists to = *o( r ) such that (|6.1[) holds. This proves the 
existence of bounded absorbing sets in H e for the semiprocess {U a (t, T)} t > T >o, cr G T,% Q . □ 

Lemma 6.6. Let the assumptions of Theorem\l}hold. Then, there exists a bounded and absorbing set in 
V e for the family of semiprocesses {U a {t, r)} t > r > , a G E^. 

Proof. From the assumptions of Theorem[T]and from BNowl2al Lemma 5.2], where we set t\ = 
(k + 1)T, t = kT, we infer that 

(6-2) limsup (|Kt)|||i (n) + IKi)|||i (n) ) 

< Cv, aA i, P fl (sup (||/(fcT)||i a( n) + \\9(kT)\\ 2 L2{n) ) + \\v(0)f Hlm + \H0)\\ 2 HH n)) =■ ^ 

Likewise in previous Lemma, for every (vq,uiq) G V e there exists to > such that 

(v(t),oo(t))eB(0,p 2 ) V t > t0 , 

where 5(0, pi) is the ball in V e centered at with radius p 2 > i?2- For any (vq, ojq) G 5(0, r) c V e 
there exists to = to{r) such that (|6.2|) holds. Therefore there exist bounded absorbing sets in F e 
for the semiprocess {U a (t, T)} t > T >o, cr G E^. . □ 

Proof of Theorem^ To prove the existence of the uniform attractor we make use of Proposition 
15.51 We need to check the assumptions: 

• From Remark [5.101 and by assumption on the data it follows that (To = (/o, <?o) G E + is 
translation compact. 

• From Definition [63] it follows that the family of semiprocesses {U a (t, r)} t > T >o, cr G E^. Q 

is uniformly asymptotically compact, if there exists a set P G H e , which is uniformly 
attracting and compact. Lemmas l6.5l and l6!6l and the Sobolev embedding theorem ensure 
the existence of such set P. 
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• The (H t x £* , H e ) -continuity of the family of semiprocesses {U a (t,T)}t> T >o, & £ 
was proved in Lemma T5.13I 

• To check that cj(S^ ) is the global attractor for the translation semigroup {T(t)} t >o act- 
ing on £* we recall that T, e <s E + is compact metric space. We can therefore apply 
Proposition l5.31 Thus, 

dist H+ (T(t)K MK )) 

and 

T(t)u,(£* )=u;(£* ) V t > . 
As we see all assumptions are satisfied. The application of Froposition l5.5l ends the proof. □ 

7. Convergence to stationary solutions for large v 
In this section we prove Theorem [3j 

Proof. The existence of solutions for large v and theirs estimate follows, after slight modifica- 
tions, from !ILuk88H and IILuk991 Ch. 2, §1, Theorems 1.1.1, 1.1.2 and 1.1.3]. 

Let V = v(t) — Voo, 6 = u(t) — ujoo and P = p(t) — p^. Then (V, 6) satisfies 

V t - (v + i/ r )AV + VP = -v-VV - V ■ V^oo + 2v r rot 6 in O f , 

divF = inn 1 , 

G, t - «A6 - div G + 4^.6 _ t 

= —v • V6 — V ■ Vu^ + 2v r rot V m ^ ' 

(7.1) roty xn = onS 1 , 

V-n = onS\ 

6 = onS{, 

6' = 0, 63,0,3 = onSl 

V\ t =o = v(0) - Voo, Q\t=o = w(0) -Woo inOx{t = 0}. 

Multiplying the first and the third equation by V and 6 respectively and integrating over Q 
yields 

^ll^llL(Q) + (^ + ^)||rotF||| 2(0) + 



V ■Vv oc -Vdx + 2v r / rotF-6dx+ / Oxn-VdS 
n Jn Js 



and 



^l|e|l! 2 (fi) + a|M 8||| 2(n) + (a + /3)||div 6||| 2{n) + 4i/ r ||e||£ a(n) 



V ■ Vwoo • 6 dx + 2z^ r / rot V ■ 6 dx 



because in view of (|7.1)) 9 5 and (|1.1)> -? 4 we see that 



VP-Vdx = / P(F-n)dS = 0, 
n Js 



[ v VV-Vdx = -\ [ v-V\V\ 2 dx = - [ \V\ 2 (v ■ n) dS = 0, 
Jn 2 J n J s 

I v • V6 • Qdx = -- I v ■ V|6| 2 dx = - / \Q\ 2 (v ■ n) dS = 0. 
Jn 2 J n J s 
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Adding both equalities gives 

(7.2) 1 1 (\\V\\ 2 Lm + ||e||i 2(Q) ) + (u + ur) ||roty||| 2(n) +a||rotG||i 2(Q) 

+ (a + /3)||dive||| 2(a) +4^||G||| 2(n) 

= 4i/ r / rot V ■ Qdx - / V ■ Vv^ ■ V dx - / V ■ Vwoo • Qdx =: h + I 2 + h 
Jn Jn Jn 

Utilizing the Holder and the Young inequalities on the right-hand side we have for I\ 

/1 < 4^||rot^|U 2(n) ||0|| i2(n) <4i/ r ei||rotF|| La( n) + ^||e|| La( n). 

To estimate I2 and I3 we also make use of the interpolation inequality for L p -spaces and the 
embedding theorem: 

IMk(fi) < H u llL a (n)ll u llL6(n) ^ c 'IMII 2 (o)IMI|i(o)> 

11 11 
IMU 8 (n) < IMII 2 (n)IMII 6 (n) < c i\\ u \\l 2 (Q)\\ u \\m { ny 

Thus 



h < riU 4 (n)||V^o|U 2 (n)||^lk 4( n) < c/ril! 2( o)ll^ll|i ( n)IMki ( n) 



^eac/llVH^nj + ^ll^ll^llwooll^j 



Se 2 c/m/||^i (n) + ( 
and 

^3 < nU 6 (o) llV^ll^^lieil^^) < cjWVWhx^ ll^oo||ifi(n)||e||l 2(n) ||e||| 1(Q) 

< c / e 3i||^ll^i(o) + ^-ll^oollHifn)!!©!!^^)!!©!!^ 1 ^) 

< cie 31 \\Vf Hlm + ^||9||| 1(n) + ^—11^11^^11911^(0). 
Now we set ei = \. By RNowl2bt Lemma 6.7] it follows that 

HkotF||! 2 (o ) +a|M9||| 2( o ) + (a + ^)||div9||| 2( o ) >^- IMI^ ( o) + f ll©ll h W 
It enables us to put e 2 c/ = e 3 ic/ = ^ and £324^7 = 2^7- Hence 

£2 = ~. ) £31 = ~. ) £32 



A ' ■ il ~ A ' JZ ~~ O ' 

407,0 4c/,o 307,0 

cj _ c^o cj _ 3^,0 

4e 2 ^ ' 16e3ie32 4cw 2 

Therefore, from (|7.2[) we obtain 



C/ ' n "TAii2 II ||4 , 3cj,Q ||r(||2 4 

L 2 (n)P°o|li/i(o) + 4^2 ll W llL 2 (n)ll W °°ll.ffW 



Let 



<-f 11^111,(11) IK 
min{i/, a} 



ci(i/) 



c/,o 

C2 



and define 



min{l, a} 

A(i/) = ci(z/) - -^F 4 (H/ooll^^), ||ffoo|U 2 (n))- 



Observe, that A(z^) — > > as ^ — > 00. In particular there exists 14 > such that A(v) > for 
any v > holds. The last inequality implies 

I (ll^ll! 2 (Q) + H0|l! 2( o)) + AH (\\Vf Lm + ||9||i 2( o)) < 0, 



dl ^IIMI L2( ,)^ll-lli 2( ,))e A ^)<0. 
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which is equivalent to 

|((m?.™ + iei 

Integration with respect to t yields 

(im*)ll! 2( n) + II©(*)IIL(Q)) e AMi < ||^(0)||i 2(n) + 116(0)11^(0,, 

which implies 

im*)lli 2( n) + l|6(i)||! 2(n) < (||^(0)||! 2(Q) + ||6(0)||| 2(o) ) e- A ^. 
This concludes the proof. □ 

8. Continuous dependence on modeling 
In this Section we examine the difference between (v, u) and the solution (u, 0) to problem 

Observe, that (|4.2|) is the same as (jl.ljl with v r = 0. Therefore, for v r close to zero we may 
measure in some sense the deviation of the flows of micropolar fluids from that of modeled 
by the Navier-Stokes equations. This problem was considered locally in [PS89J and globally in 
ICT0T1 S51. 

Proof 'of Theorem^ Let us denote V(t) = v{t)-u{t), Z{t) = uj(t)-Q{t). Then the pair (V(t), Z(t)) 
is a solution to the problem 

V t - (v + v T )l\V - p r Au + V(p - q) = -v ■ VV - V • Vu + 2v r rot u in £1*, 

divl/ = in SI*, 

- aAZ - f3V div Z + Av r uj ( 

= -v ■ VZ - V ■ VG + 2u r rot v m ° ' 

rotl/xn = on5*, 

F • n = on S\ 

Z = or\S{, 

Z' = 0, Z 3tX3 = on Si 

V\ t =t = v(t ) - u(t ), Z\ t=to = u)(t ) - 6(i ) infix {t = t }. 

Multiplying the first equation and the third by V and Z, respectively and integrating over O 
yields 

\ — [ \V\ 2 dx + (y + v r ) [ |rotV| 2 dx + (y + u r ) [ rot V x n ■ V dS + v T [ rotu-rotFdx 
2 dt J n J n J s J n 

+ u r / rotw x n - Vd5'+ / (p — q)V-ndS 
Js Js 

= - v-VV-Vdx- / V -Vu-V dx + 2v r \ voioj -V dx 
Jn Jn Jn 

and 

f |Z| 2 dx + a 1 1 rot Z\ 2 dx+ (a + /3) / |divZ| 2 dx — a / Z x n • rot Z dS + 4z/ r / w-^dx 

2 dt Jq J s Jn 



v-VZ-Zdx- / V -VQ ■ Zdx + 2is r / rotwZdx. 



All boundary integrals vanish due to the boundary conditions. In addition 

v VV -Vdx = ~ [ v-V\V\ 2 dx = ~ [ \V\ 2 vndS = 0, 



2 Jn 2 j s 

v ■ VZ ■ Zdx = -- I v V\Z\' z dx = -- I \Z\' z v -ndS = 0. 



/ v ■ VZ ■ Zdx = -- [ ■ 
Jn 2 Jn 
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We also have 

2v r / rot uj ■ V dx = 2v r / u ■ rot V dx + 2v r / uj x n ■ V dS = 2v r I u ■ rot V dx, 
Jn Jn J s Jn 

which follows from integration by parts and the boundary conditions. Thus, we get 

\ ^ (WWUa) + + iy + "r)||rot V\\ 2 Lm + a||rot Z\\l m + (a + /3)||div Z\\l m 

= —v r l rot u ■ rot V dx — / V ■ Vu • V dx + 2f r / u; • rot 1/ dx 
Jn 



4f r / a; •Zdx — / V • VG • Z dx + 2v r \ rot?; -Zdx. 
Jn Jn Jn 



Next we estimate the first and the third term on the right-hand side by the means of the Holder 
and the Young inequalities. We have 



rotu • rotFdx < v r ||rot u\\ l ^q) ||rot V\\ L ^ n) < eiu r \\TotV\\ L2 ^ + — \\votu\\ L2{n) , 

f 2 v r 

2l>r Jn ' ^ ~ 2 ^ r ^ L2 ^ lotV ^ L ^ n '> ~ 2e2P r\\ TOiV \\L 2 [n) + ^-\M\L 2 (n)- 
We set e\v T = 2e2^ r = Thus, e\ = \ and e 2 = \. We get 

\ ^ (WWUn) + ll^lliacn)) + "IM v Wl 2 [n) + «H rot z Wl 2 (n) + (« + 0)l|div Z||| a(n) 

< - / V-Vu- Vdx -4u r uj- Zdx - / V ■ V6 ■ Zdx + 2z^ r / rotu • Zdx. 



n 



Utilizing INowl2bl Lemma 6.7] on the left-hand side yields 

1 d f\\v\\ 2 + II7II 2 W " llyll 2 4- ° II7II 2 



< - / V ■ V-u -Vdx — 4u r / uj- Zdx - / V • VB ■ Z dx + 2v T \ rotv-Zdx. 

'n 



For the first term we have 



3 1 

V ■ Vu ■ Vdx < ||F|| i4(n) ||Vn|| i2(n) < c/||y||| 6(n) ||T/||l 2(n) ||«|| H i ( n) 



<^ IIT/I|2 _ 1 1 t r 1 1 -° II I 



|2 1 C I IIT^I|2 ||„.||4 

where we used the Holder inequality, the interpolation inequality between L 2 (^) and Lg(fi) 
and the Young inequality. 
For the second term we get 



|2 

Ij? 1 ^)- 



r 2 i^ r c/ 

-4zy r / w • Zdz < 4^11^11x2(0) ||Z|| i2 (Q) < 4z/ r e 2 ||w|| i (n) H ||Z| 

The third term we estimate in the following way 

~In V ' V@ ' ZdX - ll y ll^)ll V0 ll^)H Z H^) ^ cjeallFU^n) + ^||Ve||| 3(Q) ||Z||| 2 
Finally, for the fourth term we have 

2v r j rotu • Zdx < 2yJrot t>|| i2 ( Q) ||Z|| i2 ( ) < 2z/ r e 4 ||rot Hl| 2 (n) + -^ll^llffi(n)- 
We set e lC/ = 6 3 c/ = ^ and = ^ = ^. Hence 

ci cin . I6v?c in 1 c/o 8v?ciq 

— = , 4z/ r e 2 = , — = , 4f r e 4 = 

4ei v a 4e3 v a 



[ay 
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and we obtain 

1 d ''WW 2 + IIZII 2 ^ + ^ lll/ll 2 + Q II7I' 2 



<- CI ^\\M\\2 || ||4 , 16^CJ,Q n 2 

- — H^llx a (n)ll u llHi(n) + - IMIi 2 (n) 



4- C/ ' n HVOII 2 II7II 2 I 8 " rC/ ' Q Hrnt7:ll 2 



We introduce 



A iW = — — IMIiri(n)> 



(8-1) a / \ « 2c/, n Mr7rtM 2 

A ^) = --— l|Ve|| i3(n) , 

A(i/) = min{Ai(i/),A 2 (i/)}. 

Thus, the last inequality implies 



| + PllL(n)) + A H (II^IIL(Q) + II^IIL(Q), 

32f 2 c/,n 2 16i/ 2 c/,n 2 

^ ~ IMkffl) + ~ Hr°HlL 2 (o), 

which is equivalent to 

((rilL(n) + PllL ( o)) - AHt ) < #W,n (ll-HL(n) + IM,||i 2(n) ) e*C*. 
Integrating with respect to t G (to, ii) yields 

L(fi) 

< ^ 2 c Q ,/,n (lM|£ a(n *) + ||roM| 2 2(nf) ) + (||y(t )||! 2 (o) + ||2(to)||£ a( n)) e" AHt - 
In view of the energy estimates (see e.g. IINowl2bl Lemma 8.1]) we obtain 

IMIi 2 (n*) + ll rot ^lll 2 (^) < EvA*)- 

On the other hand, under slightly weaker assumption than in Theorem [TJ it follows from 
| Zajll Theorem B] that 



(8.2) IMIwf' 1 ^*) - "X^data) 

for any t € [0, oo], where <yj is a positive and non-decreasing function dependent on the viscosity 
coefficient and the initial and the external data. By the Embedding Theorem for anisotropic 
Sobolev spaces (see e.g. IILSU671 Ch. 2, §3, Lemma 3.3] it follows that W^ l {Vt v ) -4 L 10 (fi*) and 

IMUiofn*) < c nlMlw 2 2,1 (fi*) ^ v(data) 
holds. In light of the maximal regularity for parabolic systems (see e.g. RNowl2bt Lemma 6.9]) 
applied to (|£2jh we deduce that G G Wf' 1 ^*) and 



71 



From (|8.2|) , the above inequality and the maximal regularity for the Stokes and parabolic system 
(see e.g. MNowl2bt Lemmas 6.9 and 6.11]) it follows that we can improve the regularity for (it, 0) 
as we need. In particular 

SUPlK^llffifm ^ c data> 
t>0 

sup||V9(f)||i (n) < c data . 

t>o 

In consequence, A(z/) becomes positive and finite for v sufficiently large. This ends the proof. 

□ 



LONG-TIME BEHAVIOR OF MICROPOLAR FLUID EQUATIONS IN CYLINDRICAL DOMAINS 



15 



Remark 8.1. Observe, that for u(to) = v(to) and 0(to) = w (*o) we obtain 

ll^(*)ll! 2 (n) + ll^(<)lli a( n) < ^a,/,n (lMI| 2( n*) + ||rott;||i a(nt) ) . 

This estimate implies that as v r — > the velocity of the micropolar fluid model converges uni- 
formly with respect to time on [0, oo) in L2 to the velocity field of standard Navier-Stokes model. 
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